Studying transition amplitudes in (2 + 1)-dimensional causal dynamical triangulations, Cooperman and Miller discovered speculative evidence for Lorentzian quantum geometries emerging from its Euclidean path integral [25] . On the basis of this evidence, Cooperman and Miller conjectured that Lorentzian de Sitter spacetime, not Euclidean de Sitter space, dominates the ground state of the quantum geometry of causal dynamical triangulations on large scales, a scenario akin to that of the Hartle-Hawking no-boundary proposal in which Lorentzian spacetimes dominate a Euclidean path integral [31] . We argue against this conjecture: we propose a more straightforward explanation of their findings, and we proffer evidence for the Euclidean nature of these seemingly Lorentzian quantum geometries. This explanation reveals another manner in which the Euclidean path integral of causal dynamical triangulations behaves correctly in its semiclassical limit-the implementation and interaction of multiple constraints.
Euclidean from Lorentzian
One often studies a Poincaré-invariant quantum field theory defined on Minkowski spacetime via Wick rotation to a Euclidean-invariant statistical field theory defined on Euclidean space. Within the path integral formulation, the Wick rotation transforms a Lorentzian path integral, which involves complex probability amplitudes for each Lorentzian field configuration, into a statistical partition function, which involves real probabilities for each Euclidean field configuration. Absent the complications of complex probability amplitudes for Lorentzian field configurations, calculations typically prove considerably more tractable. Provided that the statistical field theory satisfies the Osterwalder-Schrader axioms, one can recover the Lorentzian theory from the Euclidean theory through the Osterwalder-Schrader reconstruction theorem [35, 36] . One thus defines the Lorentzian theory in terms of the Euclidean theory.
The tempting prospect that a quantum theory of gravity could be similarly defined led to the development of various approaches taking as their starting point the partition function over Euclidean geometries specified by a metric tensor g. One should, however, be skeptical of these approaches' applicability to gravity: a typical spacetime, even satisfying the Einstein equations, does not permit a global Wick rotation from Lorentzian to Euclidean signature. Nevertheless, such approaches-collectively called Euclidean quantum gravity-work not only sensibly, but even successfully in sundry circumstances [28] . We briefly mention two notable examples. First, one can derive the thermodynamic behavior of black holes from the partition function (1.1). Gibbons and Hawking computed the black hole entropy [27] , and Hartle and Hawking computed the black hole radiance [30] . Second, Hartle and Hawking developed a quantum theory of gravity in the minisuperspace truncation from the partition function (1.1), their so-called no-boundary proposal [31] . These authors defined a wave function for the universe having a remarkable property: Lorentzian geometries dominate the partition function (1.1) owing to the necessity of deforming an integration contour into the complex plane. Consequently, there is no need for an Osterwalder-Schrader reconstruction: the partition function (1.1) directly defines a Lorentzian quantum theory of gravity. Initial attempts to construct a complete nonperturbative quantum theory of gravity on the basis of the partition function (1.1) did not fare so well [34] . Two approaches, quantum Regge calculus and Euclidean dynamical triangulations, both grounded upon lattice regularization of the partition function (1.1), were extensively studied [34] . Neither of the quantum theories of gravity so defined exhibited a sufficiently rich phase structure to support a continuum limit. 1 More recently, an approach based on exact renormalization group analysis of the partition function (1.1) has shown promise [37] .
Causal dynamical triangulations emerged from the failures of quantum Regge calculus and Euclidean dynamical triangulations [18] . This newer approach takes as its starting point the Lorentzian path integral
over Lorentzian geometries specified by a metric tensor g. One chooses to restrict the path integration to appropriately causal Lorentzian geometries, namely, those admitting a global foliation by spacelike hypersurfaces all of fixed topology. One then introduces a lattice regularization-causal triangulations-of these causal Lorentzian geometries. As Ambjørn, Jurkiewicz, and Loll demonstrated, this restriction allows for a well-defined Wick rotation of any Lorentzian causal triangulation to a corresponding Euclidean causal triangulation [11, 12] . This Wick rotation enables the use of Monte Carlo methods to study the resulting partition function.
Having implemented this Wick rotation, one could have wondered if the resulting partition function behaves conventionally, such as that of a field theory satisfying the Osterwalder-Schrader axioms, or unconventionally, such as that of the Hartle-Hawking no-boundary proposal. On the basis of Monte Carlo simulations of certain transition amplitudes within the causal dynamical triangulations of (2 + 1)-dimensional Einstein gravity, Cooperman and Miller conjectured that its partition function behaves unconventionally [25] . Specifically, these authors suggested that geometries resembling Lorentzian de Sitter spacetime-not, as previously thought, Euclidean de Sitter space-on sufficiently large scales dominate this partition function. Independently, Ambjørn et al argued for a signature change transition within the causal dynamical triangulations of (3 + 1)-dimensional Einstein gravity [1] . We now argue, contrary to the conjecture of Cooperman and Miller, that the partition function of causal dynamical triangulations behaves conventionally. Specifically, by reinterpreting these Monte Carlo simulations, we maintain that geometries resembling Euclidean de Sitter space on sufficiently large scales indeed dominate this partition function. In the process of making this argument, we provide further evidence that the partition function of causal dynamical triangulations behaves correctly in its semiclassical limit.
We introduce the formalism of causal dynamical triangulations, specializing to the case of 2+1 dimensions for spherical topology with initial and final spacelike boundaries, in section 2. After recalling the relevant results from [25] and presenting new related results, we restate the conjecture of Cooperman and Miller in section 3. We present a first analysis of all of these results in section 4, which offers evidence in support of their conjecture. We present a more careful analysis in section 5, which leads to our argument refuting the conjecture of Cooperman and Miller. We conclude in section 6 by echoing Cooperman's call for the proof of an Osterwalder-Schrader-type theorem for causal dynamical triangulations [23] . Four appendices supplement aspects of sections 2, 4, and 5.
Causal dynamical triangulations
Within a path integral quantization of a classical metric theory of gravity, one formally defines a transition amplitude as We have adapted this figure from [25] .
The right hand side of equation (2.1) encodes the following instructions for computing the transition amplitude A [γ]: integrate over all spacetime metric tensors g that induce the metric tensor γ on the boundary ∂M of the spacetime manifold M, weighting each metric tensor g by the product of the measure dµ(g) and the exponential e
is the action specifying the classical metric theory of gravity, including boundary terms enforcing the condition g| ∂M = γ.
Within the causal dynamical triangulations approach to such a quantization, 2 one restricts the path integration in equation (2.1) to so-called causal spacetime metric tensors g c , those admitting a global foliation by spacelike hypersurfaces all of a fixed spatial topology Σ. The manifold M therefore has the topology Σ × I, the direct product of Σ and a real interval I. By invoking this restriction, one considers transition amplitudes A Σ [γ] formally defined as
To regularize the transition amplitudes A Σ [γ], one replaces the path integration over all causal metric tensors g c in equation (2.2) with a path summation over all causal triangulations T c . A causal triangulation T c is a piecewise-Minkowski simplicial manifold possessing a global foliation by spacelike hypersurfaces all of the topology Σ. One constructs a causal triangulation T c by appropriately gluing together N D causal D-simplices, each a simplicial piece of D-dimensional Minkowski spacetime with spacelike edges of squared invariant length a 2 and timelike edges of squared invariant length −αa 2 for positive constant α. a is the lattice spacing. We depict the three types of causal 3-simplices (tetrahedra) in figure 2.1. Causal D-simplices necessarily assemble into a manifold of topology Σ × I, and their skeleton distinguishes a foliation of this manifold into spacelike hypersurfaces. We refer to the leaves of this distinguished foliation as a causal triangulation's time slices, and we enumerate a causal triangulation's T time slices with a discrete time coordinate τ .
By invoking this regularization, one considers regularized transition amplitudes A Σ [Γ] defined as
Γ is the triangulation of the boundary ∂T c of the causal triangulation T c , µ(T c ) is the measure, equal to the inverse of the order of the automorphism group of the causal triangulation T c , and 5) related by Laplace transform to the (grand canonical) partition function (2.4). We take the action S cl [g] as that of (2 + 1)-dimensional Einstein gravity:
The first term in the action (2.6)-the bulk term-is the Einstein-Hilbert action in which G 0 is the bare Newton constant, R is the Ricci scalar of the metric tensor g, and Λ 0 is a positive bare cosmological constant. The second term in the action (2.6)-the boundary term-is the Gibbons-Hawking-York action in which K is the trace of the extrinsic curvature of the metric tensor γ [27, 38] . We choose to consider a spacetime manifold M isomorphic to the direct product S 2 × I of a 2-sphere S 2 and a real interval I. In this case the boundary ∂T c consists of two disconnected components: an initial spacelike 2-sphere S [12] :
N 0 is the number of 0-simplices (vertices), N 3 is the number of 3-simplices, and the bare couplings k 0 and k 3 are the following dimensionless combinations of G 0 , Λ 0 , and a:
We set α = 1 because the value of α (once the Wick rotation has been performed) is irrelevant in 2 + 1 dimensions. When referring to an ensemble of causal triangulations with fixed initial and final boundary 2-spheres S f ); they generated an ensemble of causal triangulations for each of these N pairs; and they combined these N ensembles into a single averaged ensemble. for which the temporal direction is periodically identified. Such studies probe the ground state of quantum geometry in the sense that there are no boundary conditions to induce excitations of the quantum geometry. Although Cooperman and Miller explored transition amplitudes with the spacetime manifold structure S 2 × I in [25] , their averaging over all geometrical degrees of freedom of the boundary 2-spheres except for their discrete spatial 2-volumes results in boundary conditions that do not induce excitations of the quantum geometry.
Monte Carlo methods do not give us access to the partition function (2.5) itself; they yield only a representative sample of causal triangulations contributing to the path summation defining the partition function (2.5). This fact poses no problem of principle: we do have access to the expectation values of observables in the quantum state defined by the partition function (2.5). One computes the expectation value E[O] of an observable O in this quantum state as follows:
(2.10)
We approximate the expectation value E[O] by its average
over an ensemble of N (T c ) causal triangulations generated by Monte Carlo methods. The Metropolis algorithm behind these simulations guarantees that
Numerical measurements of certain observables' ensemble averages have revealed that the model defined by the partition function (2.5) for the action (2.7) exhibits two phases of quantum geometry separated by 3 Technically, the procedure of Cooperman and Miller assumes a constant measure over all causal triangulations with initial and final boundary triangulations Γ(S 2 i ) and Γ(S 2 f ) constructed respectively from precisely N SL 2 (S 2 i ) and N SL 2 (S 2 f ) spacelike 2-simplices (for given values ofT ,N 3 , and k 0 ) [25] . a first-order phase transition: the decoupled phase, labeled A, for coupling k 0 > k c 0 and the condensate phase, labeled C, for coupling k 0 < k c 0 [13, 33] . Cooperman and Miller found that phase C also exists within the model defined by the partition function (2.5) for the action (A.1) [25] . We restrict attention to values of the coupling k 0 that fall within phase C as only the quantum geometry defined by ensembles of causal triangulations with phase C possesses physical properties. We explore these properties in sections 3, 4, and 5.
Evidence and conjecture
We now review and expand upon the evidence that led Cooperman and Miller to formulate their conjecture. Following several previous authors [2, 3, 5, 6, 8, 13, 14, 15, 16, 19, 33] , Cooperman and Miller performed measurements of the number N SL 2 (τ ) of spacelike 2-simplices as a function of the discrete time coordinate τ labeling the distinguished foliation's time slices [25] . N SL 2 (τ ) quantifies the evolution of discrete spatial 2-volume in the distinguished foliation.
Cooperman and Miller first considered the following two ensembles of causal triangulations. ForT = 29, N 3 = 30850, and k 0 = 1.00, we display the ensemble average N We have taken this data from [25] . N SL 2 (τ ) previously understood as characteristic of phase C [4, 5, 6, 8, 13, 14, 15, 16, 19, 21, 22, 25, 33] : N SL 2 (τ ) smoothly increases from its minimal value of 4 at the initial boundary 2-sphere S 2 i to its maximal value at the central time slice and symmetrically decreases from its maximal value to its minimal value of 4 at the final boundary 2-sphere S 2 f . As several authors have previously demonstrated [4, 5, 6, 13, 14, 15, 16, 19, 21, 22, 25, 33] , and as we demonstrate once more in section 4, the ground state solution-Euclidean de Sitter space-of a minisuperspace model based on Euclidean Einstein gravity accurately describes the shape of N We considered two further ensembles of causal triangulations. ForT = 29,N 3 = 30850, and k 0 = 1.00, we display N 4 The minimal piecewise-Euclidean simplicial 2-sphere is constructed from four 2-simplices. 5 The ensemble of causal triangulations characterized byT = 29,N 3 = 30850, k 0 = 1.00, and N SL 2 (S 2 i ) = N SL 2 (S 2 f ) = 300 is very close to the transition of N SL 2 (τ ) from being concave-down to being concave-up for these values ofT ,N 3 and k 0 . We have not yet performed Monte Carlo simulations for sufficiently long computer times to determine on which side of the transition this ensemble falls. 
We have taken this data from [25] . 
of Lorentzian de Sitter spacetime might accurately describe the shape of N SL 2 (τ ) for these ensembles [25] . We test this hypothesis in section 4.
Following Ambjørn et al [5, 6] and Cooperman [22] , we moreover measured the ensemble average connected 2-point function n
is aT ×T real symmetric matrix, which we diagonalize to obtain its eigenvectors η j (τ ) and associated eigenvalues λ j . For the (Euclidean-like) ensemble E E of causal triangulations characterized bȳ T = 21,N 3 = 30850, k 0 = 1.00, and N The plots in figures 3.4(a) and 3.5(a) show the behavior of n SL 2 (τ ) n SL 2 (τ ) previously understood as characteristic of phase C [5, 6, 22] . As Ambjørn et al [5, 6] and Cooperman [22] have previously demonstrated in the case of 3 + 1 dimensions, 6 We employ the ensemble E E characterized byT = 21,N 3 = 30850, k 0 = 1.00, and N SL 2 (S 2 i ) = N SL 2 (S 2 f ) = 4 as a point of comparison for two reasons. First, our analysis of N SL 2 (τ ) for the ensemble of causal triangulations characterized byT = 29, N 3 = 30850, k 0 = 1.00, and N SL 2 (S 2 i ) = N SL 2 (S 2 f ) = 4 indicates the presence of a stalk, resulting in the first eigenvector η 1 (τ ) possessing three rather than two nodes. See [6] for an explanation. Second, our analysis in section 4 of N SL 2 (τ ) for the ensemble E E yields a quality of fit comparable to that for the ensemble E L characterized byT = 29,N 3 = 30850, k 0 = 1.00, and . The shapes of the eigenvectors η j (τ ) for the ensemble E L differ subtly yet notably from the shapes of the eigenvectors η j (τ ) for the ensemble E E . The spectrum of eigenvalues λ j for the ensemble E L also differs subtly yet notably from the spectrum of eigenvalues λ j for the ensemble E E . We hypothesize accordingly that linear gravitational perturbations propagating on a portion of Lorentzian de Sitter spacetime might accurately describe the shape of n SL 2 (τ ) n SL 2 (τ ) , both its eigenvectors η j (τ ) and its eigenvalues λ j , for the ensemble E L . We test this hypothesis in section 4.
These finding led Cooperman and Miller to formulate the following conjecture: geometries resembling Lorentzian de Sitter spacetime, not Euclidean de Sitter space, on sufficiently large scales dominate the partition function (2.4) for the action (2.7) defining the ground state of (2 + 1)-dimensional causal dynamical triangulations for spherical spatial topology [25] . Cooperman and Miller also suggested that their conjecture's scenario might arise via a mechanism similar to that of the Hartle-Hawking no-boundary proposal in which complex geometries contribute to the partition function [31] . We subject their conjecture to a first test in section 4, obtaining evidence in its favor; however, we argue for a more straightforward explanation of the above findings in section 5, refuting their conjecture.
Analysis and support
We now perform a preliminary test of the conjecture of Cooperman and Miller by analyzing the measurements of N SL 2 (τ ) and n SL 2 (τ ) n SL 2 (τ ) reported in section 3 on the basis of their conjecture. To connect their conjecture with these measurements, we attempt to describe these measurements within a simple yet nontrivial model inspired by their conjecture: a minisuperspace truncation of (2+1)-dimensional Einstein gravity having either Lorentzian de Sitter spacetime or Euclidean de Sitter space as its ground state. Several authors have previously employed this model's Euclidean version [1, 2, 3, 4, 5, 6, 7, 8, 13, 14, 15, 16, 19, 20, 21, 22, 25, 33] , which Ambjørn, Jurkiewicz, and Loll first suggested [13, 14, 15, 16] . We specify the model's metric tensor g by the line element ds
for positive constant ω and scale factor ρ(t) with upper sign (+) for Euclidean signature and the lower sign (−) for Lorentzian signature. For the line element (4.1), expressed in terms of the spatial 2-volume
the Einstein-Hilbert action, including the Gibbons-Hawking-York action, given in equation (2.6) for Lorentzian signature, becomes
after integration by parts. As in equation (4.1), the upper signs correspond to Euclidean signature, and the lower signs correspond to Lorentzian signature. 7 G and Λ are now the renormalized Newton and cosmological constants. The maximally symmetric extremum of the action (4.3) for Euclidean signature is Euclidean de Sitter space, for which
with t ∈ [−π dS /2ω, +π dS /2ω]; the maximally symmetric extremum of the action (4.3) for Lorentzian signature is Lorentzian de Sitter spacetime, for which
with t ∈ (−∞, +∞). dS = 1/Λ is the de Sitter length.
We first model the ensemble average number N SL 2 (τ ) of spacelike 2-simplices as a function of the discrete time coordinate τ on the basis of the spatial 2-volumes V [5, 6, 7, 8, 13, 14, 15, 16, 19, 21, 22, 25] ; we adapt their techniques to the case of a portion of Lorentzian de Sitter spacetime. We begin by assuming a canonical finite-size scaling Ansatz based on the double scaling limit
of the spacetime 3-volume V 3 : in the infinite-volume (N 3 → ∞) and continuum (a → 0) limits, the discrete spacetime 3-volume C 3 N 3 a 3 approaches the constant value V 3 . C 3 is the effective discrete spacetime 3-volume of a single 3-simplex. Evidence for the applicability of this Ansatz to the scaling of N SL 2 (τ ) is presented in [7, 14, 15, 16, 21] . The motivation for this Ansatz is as following: V 3 is the largest-scale physical observable present in our model, so, of all possible discrete observables, we expect the discrete spacetime 3-volume to scale canonically with N 3 and a. In appendix B we employ the finite-size scaling Ansatz based on equation (4.6) to derive the discrete analogue N (t) restricted to the finite global time interval [t i , t f ]. In the case of Euclidean de Sitter space, we derive that
as previously determined in [25] , and, in the case of Lorentzian de Sitter spacetime, we derive that
is the number of (1, 3) 3-simplices,s
is a fit parameter, and ξ is the ratio of N . We now perform best fits of N SL 2 (τ ) to the measurements of N SL 2 (τ ) following the procedure of [25] . We report the value χ 2 red of the χ 2 per degree of freedom for each fit.
To establish a point of comparison, we first consider the ensemble E E characterized byT = 21,N 3 = 30850, k 0 = 1.00, and N .7), to N SL 2 (τ ) for this Euclidean-like ensemble is comparable to the quality of previous such fits [25] .
We now test the hypothesis that a portion of Lorentzian de Sitter spacetime accurately describes the ensemble average number N [25] . In particular, these fits for the ensembles E E and E L have nearly equivalent χ [25] . These trends likely stem from either undiagnosed finite-size effects or incomplete modeling. We touch on finite-size scaling analyses of transition amplitudes at the end of this section, and Cooperman and Houthoff perform a first investigation of systematic modeling issues in a forthcoming paper [24] .
We now extend our model to include linear gravitational perturbations v 2 (t) propagating on either Euclidean de Sitter space or Lorentzian de Sitter spacetime. In the path integral formalism one computes the connected 2-point function E EdS [v 2 (t) v 2 (t )] of perturbations v 2 (t) about Euclidean de Sitter space as 
(t)
v 2 (t), we find that
(t) is an extremum of the action (4.3) in Lorentzian signature. A standard calculation now gives that
in which
is the van Vleck-Morette determinant. For perturbations v 2 (t) about the spatial 2-volume V (t) of Euclidean de Sitter space,
and, for perturbations v 2 (t) about the spatial 2-volume V (t) of Lorentzian de Sitter spacetime,
One can show moreover that
in which ν j (t) are the eigenfunctions of the operator M (t, t ) with associated eigenvalues µ j satisfying the integral constraint
and the boundary conditions ν j (t i ) = 0 and ν j (t f ) = 0. Accordingly,
assuming that µ j = 0 for all j, which holds in the cases under consideration. We next model the ensemble average connected 2-point function n [5, 6] and Cooperman [22] have previously performed such a derivation in the case of Euclidean de Sitter space in 3 + 1 dimensions; we adapt their techniques to the cases of Euclidean de Sitter space in 2 + 1 dimensions and a portion of Lorentzian de Sitter spacetime in 2 + 1 dimensions. We again assume the finite-size scaling Ansatz based on equation (4.6). In appendix C we employ the Ansatz based on equation (4.6) to derive the discrete analogue n SL 2 (τ ) n SL 2 (τ ) for each of the 2-point functions have not yet performed any scaling analyses of the transition amplitudes; rather, we rely on the similarities of our numerical measurements to those of previous studies as justification for our use of the finite-size scaling Ansatz based on equation (4.6). Second, we would consider models based on departures from Einstein gravity-for instance, Hořava-Lifshitz or higher-order gravity-to assess our model's accuracy. Cooperman and Houthoff perform such an analysis, though only for Euclidean-like ensembles, in a forthcoming paper [24] .
Argument and refutation
Extraordinary claims require extraordinary evidence. The conjecture of Cooperman and Miller constitutes an extraordinary claim, but we now argue that the analyses presented in section 4 of the measurements presented in section 3 do not furnish extraordinary evidence. We offer an alternative explanation of these measurements and their analysis, one much more plausible as well as much more mundane.
We based the analyses of section 4 on a minisuperspace truncation of (2 + 1)-dimensional Einstein gravity with either Euclidean de Sitter space or Lorentzian de Sitter spacetime as its ground state. As we presented this model in section 4, we did not incorporate with sufficient care the setting of our numerical simulations of causal triangulations. Recall from section 2 that we run a given simulation at fixed numberN 3 of 3-simplices and at fixed numbers N We accounted for these constraints by normalizing V . We did not, however, explicitly include constraints implementing a fixed spacetime 3-volume V 3 and fixed initial and final spatial 2-volumes V 2 (t i ) and V 2 (t f ) in the action (4.3) defining our model. We now augment our model's action with the relevant constraints and carefully extract their consequences.
Explicitly imposing these constraints in the action (4.3) for Euclidean signature, we arrive at the augmented action
in which λ V3 is the Lagrange multiplier associated with the constraint of fixed spacetime 3-volume V 3 , and λ i and λ f are the Lagrange multipliers associated with the constraints of fixed initial and final spatial 2-volumes V 2 (t i ) and V 2 (t f ). The cosmological constant term also acts to constrain the spacetime 3-volume V 3 with the cosmological constant itself serving as the associated Lagrange multiplier. We include the additional constraint of fixed V 3 to make our argument more transparent; in particular, we think of the cosmological constant Λ as fixed and the Lagrange multiplier λ V3 as variable.
Varying the action (5.1) with respect to V 2 (t), we obtain the equation of motion
having the general solution
for integration constants A and t 0 . Varying the action (5.1) with respect to λ V3 , we obtain the constraint 4) and varying the action (5.1) with respect to λ i and λ f constrains V 2 (t) to have the initial and final boundary values V 2 (t i ) and V 2 (t f ). We now focus on the spatial 2-volume V 2 (t) for Λ − 8πGλ V3 > 0 given in the first line of equation (5.3). Let Recalling equation (4.4) , we observe that the spatial 2-volume V 2 (t) for −2 eff > 0 is that of Euclidean de Sitter space if A = 4π 2 eff . Assuming further that V 2 (t i ) = V 2 (t f ) dictates that t 0 = 0. The difference t f − t i (and, indeed, the value of t i = −t f ) is then determined in terms of V 2 (t i ) = V 2 (t f ) and eff :
2 eff , and t 0 = 0 into equation (5.4), we obtain 
Equation (5.7) gives the spatial 2-volume as a function of the global time coordinate of a portion of Euclidean de Sitter space constrained to have spacetime 3-volume V 3 and initial and final boundary spatial 2-volumes
For given values of G and Λ, with either the gauge fixing ω = constant or the gauge fixing t f = constant, we may choose values for V 3 and V 2 (t f ) and determine (if possible) the value of λ V3 dictated by the chosen values of V 3 and V 2 (t f ). If V 2 (t f ) is not too large in comparison to V 3 , then Λ > 8πGλ V3 , and the solution is a portion of Euclidean de Sitter space; however, if V 2 (t f ) is too large in comparison to V 3 , then Λ < 8πGλ V3 , and the solution is a portion of Lorentzian de Sitter spacetime. We now give examples of these two cases. Suppose that G = 1/8π and Λ = 1. Choose first V 3 = 13500, V 2 (t f ) = 0, and t f = 10. Equations (5.5) and (5.6) then yield ω = 1.38 and λ V3 = 0.99 for which 2 eff = 77.63. We display the spatial 2-volume V 2 (t) for this case in figure 5.1(a) . This first example models the circumstances of the Euclidean-like ensemble E E : in this case N SL 2 (τ f ) is not too large in comparison to N 3 , so the discrete analogue N SL 2 (τ ) of the spatial 2-volume V Our argument does not, however, clinch the case against the conjecture of Cooperman and Miller: had we run our reasoning starting from the action (4.3) in Lorentzian signature, Euclidean de Sitter space would have arisen from Lorentzian de Sitter spacetime as the Lagrange multiplier λ V3 forced Λ − 8πGλ V3 to change sign, and we would have concluded that geometries resembling Lorentzian de Sitter spacetime on sufficiently large scales dominate the ground state of causal dynamical triangulations. We chose to present our argument starting from the action (4.3) in Euclidean signature because we know that the configurations simulated numerically must be Euclidean in nature: the Metropolis algorithm simply cannot handle complex contributions to the partition function (2.5). Still, we would like more definitive evidence for the Euclidean nature of the causal triangulations of Lorentzian-like ensembles represented in figures 3.2 and 3.3.
The two observables that we measured-N SL 2 (τ ) and n SL 2 (τ ) n SL 2 (τ ) -probe the quantum geometry defined by an ensemble of causal triangulations only on its largest scales. Since we do not consider observables that probe this quantum geometry on small scales, we do not assess the nature-Euclidean or Lorentzian-of the quantum geometry on small scales. To test the conjecture of Cooperman and Miller more definitively, we would like to make a statement regarding the nature of the quantum geometry on smaller scales, in particular, regarding the nature of local interactions, which should naively appear quite different if they are in fact Lorentzian. We should therefore probe the quantum geometry on small scales by measuring appropriate observables. Accordingly, we consider numerical measurements of the spectral dimension, a scale-dependent measure of the dimensionality of the quantum geometry, which probes the quantum geometry defined by an ensemble of causal triangulations on all scales. In appendix D, following several previous authors [16, 17, 19, 20, 22, 26, 33] , we define the spectral dimension D s (σ) as a function of the diffusion time σ, and we explain its numerical estimation. As in our analysis of the 2-point function n [16, 17, 19, 20, 22, 26, 33] . For intermediate diffusion times (σ ∼ 200 for E E , σ ∼ 150 for E L ), the spectral dimension peaks at approximately the topological dimension of 3; for smaller diffusion times (σ ≤ 200 for E E , σ ≤ 150 for E L ), the spectral dimension dynamically reduces towards a value near 2; and for larger diffusion times (σ ≥ 200 for E E , σ ≥ 150 for E L ), the spectral dimension decays exponentially in the presence of positive curvature. The two measurements of D s (σ) displayed in figure 5.2 the depression of D s (σ) below the topological value of 3 is a finite-size effect. We have verified that this depression is also a finite-size effect for Lorentzian-like ensembles. Although ensembles E E and E L are both characterized byN 3 = 30850, we suspect that the ensemble E L exhibits stronger finite-size effects because the random walker can only probe a small portion of a quantum geometry resembling Lorentzian de Sitter spacetime on sufficiently large scales. Since D s (σ) for the ensemble E L behaves so similarly to D s (σ) for the ensemble E E , we take these measurements of D s (σ) as evidence that the geometries of causal triangulations comprising the ensemble E L are Euclidean in nature, supporting our above conclusion.
Lorentzian from Euclidean
Studying the causal dynamical triangulations of (2+1)-dimensional Einstein gravity in the presence of initial and final spacelike boundaries, Cooperman and Miller identified several ensembles of causal triangulations the quantum geometry of which on sufficiently large scales appears to resemble closely that of Lorentzian de Sitter spacetime [25] . On the basis of these findings, they conjectured that the partition function (2.4) is dominated by causal triangulations the quantum geometry of which is nearly that of Lorentzian de Sitter spacetime on sufficiently large scales, possibly via a mechanism akin to that of the Hartle-Hawking no-boundary proposal. The conjecture of Cooperman and Miller presented an exciting possibility: the definition of a Lorentzian quantum theory of gravity via a Euclidean path integral, alleviating the necessity of reversing the Wick rotation of causal dynamical triangulations. We have argued for a much more plausible and mundane explanation of their findings: the implementation and interaction of multiple constraints may result in the partition function (2.5) being dominated by (Euclidean) causal triangulations that closely resemble Lorentzian de Sitter spacetime on large scales. While not particularly exciting, our explanation adds one further piece of evidence for the proper behavior of the partition function defined via causal dynamical triangulations. Our explanation also serves as a cautionary tale: beware hastily drawing conclusions regarding signs of signature change within the partition function (2.4) of causal dynamical triangulations. The issue of reversing the Wick rotation of causal dynamical triangulations thus remains. The results of modeling the large-scale quantum geometry within phase C on the basis of a minisuperspace truncation of Euclidean Einstein gravity, as exemplified by our modeling of the ensemble E E (and, indeed, also the ensemble E L ), suggest a straightforward possibility: since (Euclidean) causal triangulations resembling Euclidean de Sitter space on sufficiently large scales dominate the partition function (2.4), obtained by Wick rotation from the path sum (2.3), (Lorentzian) causal triangulations resembling Lorentzian de Sitter spacetime on sufficiently large scales dominate the path sum (2.3). For this interpretation to have force, one must establish a rigorous path from the Euclidean theory to the Lorentzian theory by demonstrating an OsterwalderSchrader-type theorem for causal dynamical triangulations. Although technically challenging, achieving such a theorem is likely within reach since the action S (E) cl (T c ) for Einstein gravity is reflection-positive, a key axiom of the Osterwalder-Schrader reconstruction theorem. We maintain that the promising results of causal dynamical triangulations warrant such an effort.
We refer the reader to [25] for the derivation of the action (A.1). N is the Euclidean spacetime 3-volume of a (p, q) 3-simplex. We refer the reader to [12, 19] for explicit expressions for these Euclidean dihedral angles and spacetime 3-volumes. We start from the doubling scaling limit of the discrete spacetime 3-volume given in equation (4.6):
Assuming that equation (B.1) holds for finite number N 3 of 3-simplices and lattice spacing a without significant corrections, we express equation (B.1) with its left hand side as an integral over the global time coordinate t and its right hand side as a sum over the discrete time coordinate τ :
According to the finite-size scaling Ansatz based on equation (B.1), in the combination of the infinite volume and continuum limits, we expect the relation which is equivalent to equation (5.6), and this portion of Lorentzian de Sitter spacetime has spacetime 3-volume 5 , so we estimate the return probability P Tc (σ) by considering only a subset of K randomly selected D-simplices s k :
(D.4)
One clearly recovers the return probability P Tc (σ) in the limit as K approaches N D :
Since the number N (T c ) of causal triangulations comprising an ensemble is necessarily finite, we estimate the expectation value E[P(σ)] of the return probability P(σ) by its average over an ensemble: Taking both of the above estimations into account, we then estimate the return probability E[P(σ)] as
(D.8)
One clearly recovers the expectation value E[P(σ)] in the double limit:
We estimate the spectral dimension as
for an appropriate discretization of the derivative with respect to σ.
